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Attitude Stability of Earth-Pointing Satellites
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Stanford University, Stanford, Calif.

One possible motion of an unsymmetrical rigid body in the gravitational field of a fixed par-
ticle is described as follows: the mass center of the body traces out a circular path centered
at the particle; one of the body's centroidal principal axes of inertia remains normal to the
plane of this orbit, and a second centroidal principal axis oscillates about the line joining the
particle to the mass center of the rigid body. This investigation is concerned with the
stability of such motions. It reveals that, not only the inertia properties of the body, but
also the amplitude of the oscillations must be taken into account, and that the problem is
essentially three-dimensional, i.e., that incorrect results are obtained when only planar mo-
tions are considered.

Introduction

EARTH-pointing satellites, i.e., satellites that always
present the same, or nearly the same, face to the earth

are of interest both because the moon is a satellite of this
sort and because they are particularly well suited for use in
space communications systems and as vehicles carrying
earth observation equipment. The motion of the moon
has, of course, been studied extensively. However, as this
satellite differs markedly in certain respects from artificial
satellites that can be constructed, such analyses as have been
performed to describe the moon's behavior are not necessarily
applicable to artificial bodies. For example, the stability
conditions stated by Lagrange1 and recently (independently)
discussed by DeBra and Delp2 were predicated on the as-
sumption that attitude deviations from an "equilibrium
configuration" are negligible, an assumption that may be
tenable in the case of the moon, but that can be violated
easily during injection into orbit of an artificial earth satellite.
The stability question thus remains open.

The present paper is concerned with a problem in dynamics
that has a direct bearing on this question. Specifically, a
system comprised of a fixed particle P and an unsymmetrical
rigid body B is considered, and stability criteria are developed
for motions described as follows: the mass center P* of B
moves on a circular orbit while one of the three centroidal
principal axes of B remains normal to the plane of the orbit,
and a second principal axis oscillates with an amplitude 03*
about the line P — P*. (This is a planar motion, but the
analysis does not involve the assumption that the body is
prevented from performing truly three-dimensional motions.
On the contrary, the results obtained underscore the im-
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portance of taking the three-dimensional character of the
problem into account.)

It is found that the stability of such motions depends both
on the inertia properties of the body B and on the ampli-
tude 03*. If Xij X%j and X3 are principal axes passing
through the mass center of B, with X$ normal to the orbit
plane and Xi oscillating about line P — P*, and if I\, 72, and
7s are the corresponding principal moments of inertia, two
inertia parameters Ki and K2} defined as K\ = (72 — 7s)//i
and KZ — (7s — Ii)/Iz, may be used to characterize the body.
Every motion of the kind under consideration can then be
represented by a point in a three-dimensional space of the
parameters KI, Ki, and 03*. A plane removed from such a
space by choosing a particular value of #3* becomes an
"instability chart" when K\ and K2 are used as axes of a
rectangular cartesian coordinate system and points repre-
senting unstable cases are identified. Figures 1 and 2 are
examples of such charts; crosses designate unstable motions.

A comparison of Figs. 1 and 2 brings an important fact
to light: for an amplitude as small as one degree, there

c-fc-.l K2

Fig. 1 Instability chart for 03* = 0°.
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Fig. 2 Instability chart for 03* = 1°.

exist unstable cases that would be designated as stable if this
amplitude were regarded as negligible, i.e., if Fig. 1 were used
in place of Fig. 2. The applicability of the Lagrange1 and
DeBra-Delp2 analyses to earth satellites is thus seen to be
questionable.

The sequel is divided into three parts: "Dynamics,"
where the necessary differential equations are deduced
from Newton's laws of motion and Euler's dynamical equa-
tions; "Stability," in which Floquet theory is used to estab-
lish a procedure for testing the stability of a particular
motion; and "Results," dealing with the construction and
interpretation of instability charts.

Dynamics

In Fig. 3, P represents a particle fixed in a Newtonian
reference frame, and P* designates the mass center of a rigid
body B. Assuming that 1) the only forces affecting the motion
of B significantly are those exerted on B by P, and 2) the dis-
tance between P and P* is so large in comparison with the
largest dimension of B that changes in the attitude of B have a
negligible effect on the motion of P*, one may consider mo-
tions of B during which P* follows a circular path centered
at P and having a radius R. Newton's laws of motion
then require that

Gm/R* = O2
(i)

where £2 is the (constant) "orbital angular speed," G is the
universal gravitational constant, and m is the mass of P.

Let Ai, A2, As (see Fig. 3) be mutually perpendicular axes,
A2 pointing in the direction of motion of P*, and A3 thus
being normal to the plane of the orbit. (Ai, A2, and A3 are
sometimes called yaw, roll, and pitch axes, respectively.)
Then, if X\9 X2, X$ are principal axes of inertia of B, the atti-
tude of B relative to AI, A2, A3 can be specified in terms of
three angles 0i, 02, 63, generated as follows: align Xt with
A it i = 1, 2, 3; perform a right-handed rotation of B of
amount 61 about AI, bringing Xi into coincidence with Bi}
i = 1, 2, 3 (see Fig. 4); and follow this with rotations of
amount 02 about B2, leading to d, (72, (73, and 03 about C3,
bringing B into its final position.

The angular velocity of B in inertial space, referred to the
axes Xi, X2, Xz, is given by

«i = (62 + & sin0i) sin03 +
(0i cos02 — 12 cos0i sin02) cos03

co2 = (02 + 12 sin0i) COS03 —
(0i cos02 — 0 cos0i sin02) sin03

co3 = 0i sin02 + £2 cos0! cos02 + 0o

(2)

Fig. 3 Orbital reference
axes.

and the gravitational torque3 exerted on B by P, also re-
ferred to the axes Xi, X2) Xs, is

M2 =
- 73) sin02 cos02 sin03

- /3) sin02 cos02 cos03

- 72) sin03 cos03(cos02)2
(3)

where Ii is the moment of inertia of B about Xi} i = 1, 2, 3.
Before substituting from (1-3) into Euler's dynamical

equations,

MI = 7io>i

M2 = 720>2

M3 = 73co3

(73 — 72)co2co3

(72 —
(4)

it is convenient to introduce a dimensionless variable r by
means of the relationship

r = Qt (5)
and to define two inertia parameters KI and K2 as

Ki = (h - 78)/7i K2 = (73 - /0/J, (6)
Furthermore, to simplify the equations that.follow and to
facilitate some of the computations to be performed later,
it is desirable to define three functions P, Q, R of 0i, 02,
03 and of the derivatives 61, 02', 03' of these angles with
respect to T, as follows:

P = (sin0i + 02') cos03 + (cos0i sin02 —
0i' cos02) sin03

Q = (sin0i + 02') sin03 — (cos0! sin02 — (7)
01' COS02) COS03

R = cos0i cos02 + 0i' sin02 + 03'

Each of Eqs. (4) contains the time-derivative of one of
coi, co2, co3. Equations (2) show that each of these quantities
depends on two of the three time-derivatives 0i, 02, 03. Hence,
two of the quantities 0\, 02) 03 will occur in each of the equa-
tions obtained by substituting from (1-3) into (4). Solving
the first two equations for 0\ and 02) and eliminating t by
means of Eq. (5), one finally obtains

0S = [Ki cos03(3 sin02 cos02 sin03 + PR) +
K2 sin03(3 sin02 cos02 cos03 — QR) —

0/ sin0i sin02 + 02' cos0i cos02 —
03' sin0! + 0i'02' sin02 - 02'03'](cos02)-1 (8)

Fig. 4 Attitude angles.
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Fig. 5 Inertia parameters.

02" = K! sin03(3 sin02 cos02 sin03 + PR) -
K% cos03(3 sin02 cos02 cos03 — QR) —

0i ' cos0i - 03 ' cos0i sin02 + 0/6/3' cos02

£i#2)] X

(9)

(3 cos202 sin03 cos03 + PQ) +
Bif sin0i cos02 + 62' cos0i sin02 —

0i'02' cos02 - 0i" sin02 (10)
These equations govern all motions of B relative to the axes
Ai, AZj A3.

A glance at Eqs. (7-9) shows that (8) and (9) are satisfied
identically if 0i and 02 are identically equal to zero, that is,
whenever B moves in such a way that A3 and Z3 (see Fig. 4)
remain coincident. Equation (10) then reduces to

03" + 3[(£i + £2)/(l + £i£2)] sin03 cos03 - 0 (11)
which is, essentially, the equation of motion of a pendulum.
B can thus perform motions during which Xi oscillates about
Ai as a mean position, and the amplitude of these oscillations
is completely unrestricted.

Stability

To study the stability of the oscillations described at the
end of the preceding section, it is convenient to introduce a
new variable 0 by means of the relationship

0 = 203 (12)

and to replace the two second-order Eqs. (8) and (9) with
four first-order equations in new variables #», i — 1, ... 4,
defined as

xi = 61 x2 = 02 xz = OS x± = 02' (13)

Furthermore, as the stability of motions during which

0i = 02 = 0i' = 02' = 0 is to be examined, Eqs. (8-10) are
linearized in xit . . . , x4. Equation (10) then becomes

(14)

(15)

6" + 3[(Ki + Kz)/(l + KiKz)] sin0 = 0
and Eqs. (8) and (9) lead to the four equations

4
r-' — V^' ™.-r- •» — 1 9 3 4-»*/l —— / j WijJsj 0 ~ X, £i} O, Tt

1012 = 0

^22 = 0

= 0

where
Wn = 0

W>21 ~ 0

^81 = [(2 +

(1 - cos0)#2] - (072)
w32 = [(8 + 0')/4](£i + K2) sin0

^33 = — [(2 + d')/4:](Ki + Kz) sin0

^34 = [(2 + 0')/4] [(1 + COS0)K! -

(1 - cos0)K2] - (0'/2) + 1

^4i = [(2 + 0')/4](Ki + Kz) sin0

^42 = [(8 + 00/4] [(1 - COS0)#! -

(1 + cos0)£2] - (0'/2)
^43 = -[(2 + 0')/4] [(1 - cos0)K! -

(1 + cos0)#2] + (0'/2) - 1
w4i = [(2 + 0')/4](Ki + Kz) sin0

(16)

Equation (14) possesses solutions that are periodic func-
tions of r. The period r* of such a solution can be expressed
in terms of the amplitude 03* of the oscillations of Xi relative
to Ai as

* (17)
where

A; = sin03* (18)
and K(k) is the complete elliptic integral of the first kind.
It follows that the coefficients WH in Eq. (15) also are periodic
functions of r of period r*. In accordance with Floquet
theory,4 the boundedness of the solutions of Eqs. (15) thus
depends on the value at r* of the 4 X 4 matrix H(r) defined
by the matrix differential equation

dH(r)/dr= w(r) H(r)

and the initial conditions

£T(0) = I

(19)

(20)
where W(T) is the 4 X 4 matrix with w^ as the element in the
ith row and jth column, and I is the 4 X 4 unit matrix.
Specifically, all solutions of Eqs. (15) are bounded as r -* oo
if, and only if, the modulus of each of the four characteristic
values of H(r*) is less than or equal to unity, and if, for any
characteristic value X& such that \\k = 1, the multiplicity
of \k is equal to the nullity of the matrix H(r*) — Xfc7.
Given 7i, 72 and 03*, one proceeds as follows:

1) Use (6) to evaluate KI and Kz.
2) Find r* from (17) and (18).
3) Let 0' == 00 ' when 0 = 0, and evaluate 00' by noting

that Eq. (14) possesses the first integral

- cos0)(0')2 = W)2

o that, as 0' = 0 when 0 = 203*, 00' is given by

sin03 (21)

Fig. 6 Instability chart for zero amplitude.
4) Perform, simultaneously, a numerical (digital computer)

integration of Eq. (14) and the sixteen Eqs. (19), using for
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initial values 0(0) = 0, 0'(0) = 00' [see Eq. (21)], and#(0) =
/ [see Eq. (20) ], and terminating the integration at r — r*.

5) Find the four roots Xi, . . . , X4 of the characteristic
equation

det[#(r*) - X7] = 0

6) Determine the modulus of each distinct root.f If
any one of these exceeds unity, or if it is equal to unity and
the multiplicity of the corresponding root Xfc is not equal to
the nullity of the matrix H(T*) — \kl, then the motion under
consideration is unstable, because Eqs. (15) then possess
unbounded solutions. When these requirements for in-
stability are not fulfilled, no conclusion is reached, because
Eqs. (15) were obtained by linearization.

.80

Fig. 7 Magnified
portion of an in-

stability chart.

K?.75

.70"45 -.40
K,

Results

The procedure set forth in the preceding section leads to
results that, as mentioned previously, can be presented in
the form of a series of plots, one for each value of 03*, particu-
lar bodies being represented by points in a rectangular Car-
tesian coordinate system with KI and K% as axes. When
constructing such a plot, it is not necessary to consider any
points lying outside the triangle defined by the inequalities

-KKi<l i = 1, 2 (22)
£1 + K2 > 0 (23)

This may be seen as follows. The sum of two principal
moments of inertia always exceeds the third principal moment
of inertia. Thus,

h + h> h h + h> I. h + 1 1 > h (24)
From the first and third of these,

-1< (78- J8)/7i<l
and, from the second and first,

The inequalities (22) are an immediate consequence of these
relationships and of Eqs. (6). Furthermore, in view of (22),
it is apparent that 1 + KiK% is an intrinsically positive quan-
tity. Hence, Eq. (21) shows that there exists no real value
of 0o', i.e., that it is impossible to generate oscillations of
amplitude 03*, unless K\ + K2 > 0.

Expressed in terms of moments of inertia, the condition
KI + K% > 0 assumes a simple and revealing form. Substi-
tution from Eqs. (6) gives

72(72 - 73) - 70 > 0

which can be expressed, alternatively, as

(J2-/i)(/i + / 2 - / . ) > 0
or, using the first of the inequalities (24), as

/i < h (25)

The triangle defined by (22) and (23) may be subdivided
into two triangular regions and one square region, as shown
in Fig. 5. From (6) and (25) it follows that 73 > 72 > Ii
when KI < 0, that 73 < I\ < 72 when K2 < 0, and that
7i < 73 < 72 when both KI and K2 are positive. Thus J£3, the
body-fixed axis that is normal to the orbit plane during the
oscillations under consideration, is the axis of maximum or
minimum centroidal moment of inertia when the body
is represented by a point in the triangle in which K! <

t A computer program incorporating steps (1-6) was written
by David J. Shippy of the University of Kentucky, Lexington, Ky.
The computations were performed on an IBM 7090 computer,
generously made available by the Computation Center of Stan-
ford University.

0 or KI > 0, and points lying in the square 0 < KI < 1, 0 <
KZ < 1 correspond to bodies for which X3 is the axis of inter-
mediate centroidal principal moment of inertia.

The limiting case 03* = 0 can be treated in closed form and,
thus, serves as a check on the procedure described in the pre-
ceding section. With 6 = 0, Eqs. (15) become a system
of equations with constant coefficients, and the character-
istic values of the matrix of the coefficients are the roots of
the equation

X
0
-K,
0

0
X
0

-1
0
X
1 - K,

0
-1 = 0

or, in expanded form,

X4 + (1 + 3 = 0 (26)

Instability is now assured when X is real and positive, or when
X is complex, i.e., whenever one of the conditions

1 + 3#2 - KiKz < 0

(1 + 3K2 - K^Y + 16 KiKi < 0
K& > 0

is fulfilled. These become identical with "Condition III"
of DeBra and Delp2 if the inequality signs are reversed and
KI and K% are replaced with k\ and fe, respectively; and, fol-
lowing these authors, one is led to the instability chart shown
in Fig. 6. The corresponding chart obtained by using the
procedure of the present paper is shown in Fig. 1, where each
point of intersection of two lines represents a case to which
the procedure was actually applied and crosses indicate
instability. On this chart, as well as on all subsequent ones,
detailed results are omitted both for the square K\ > 0, K% > 0
and for the triangle K2 < —0.2, but the computations were
performed and all grid points in both regions represent un-
stable cases. Figs. 1 and 6 are seen to be in agreement.
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Fig. 8 Instability chart for 03* = 5°.
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Fig. 9 Instability chart for 03* = 10°.

The instability chart for 63* = 1°, shown in Fig. 2, con-
tains four points that indicate instabilities where none
existed for 03* = 0. Of course, these points do not represent
isolated "singularities," but are, in fact, embedded in regions
of instability. In other words, if one chooses a sufficiently
fine grid, one can find other points of the same character in
the neighborhood of any one of these four points. For ex-
ample, Fig. (7) is a magnified picture of the neighborhood of
the point KI = -0.4, K2 = 0.75.

Figure 2 must be regarded as representing a state of affairs
substantially different from that described by Fig. 1 (or
Fig. 6), and it is now clear that even an amplitude as small
as one degree cannot be left out of account. Figures 8 and
9 illustrate the growth of zones of instability with increasing
03*.

The physical significance of the instabilities here encoun-
tered can be discussed in terms of the angle 0 between the
body-fixed axis X3 and the normal to the orbit plane As (see
Fig. 4). Roughly speaking, a motion during which 0 re-
mains small, if 0 was initially small, is stable, whereas a mo-
tion during which 0 grows beyond some preassigned upper
limit, regardless of initial conditions, is unstable. Now, 0
depends only on 0i and 02, and one can find these angles as
functions of time (or of the number of orbits traversed by the
satellite) by choosing initial values of Bi and 0/, i = 1, 2, 3,
and integrating Eqs. (8-10) numerically. For example, if
the body has inertia properties such that K\ = —0.5 and K2
= 0.9, and if 03* = 5°, then, with 0X(0) = 0.01, 02(0) =
0/(0) = 02'(0) = 03(0) = 0 and 03'(0) = 0.13, the last be-
ing the value required by Eqs. (21) and (12), numerical inte-

10 15
. . . . . . n 1 1 1 n 1 1 1 1 1 1 1 1 1 . . .
20 25 30 35 40
NUMBER OF ORBITS

45 50

Fig. 11 K2 = 0.9, <KO) = 0.001 rad.

gration of Eqs. (8-10), together with the relationship (see
Fig. 4)

0 = arc cos(cos0i cos02)
yields the plot shown in Fig. 10, which shows that 0 reaches
a maximum value of about 25 times the initial value of 0.01
rad before 20 orbits have been traversed. The question is
whether or not the maximum value of 0 can be reduced by
making the initial value smaller. Figure 11 indicates what
happens when 0(0) = 0.001, i.e., one-tenth of the previous
initial value. Nearly 30 orbits are now completed before
(j> attains a maximum, but the numerical value of this maxi-
mum remains unaltered. The integration was performed also
with 0(0) = 10~6 and 0(0) = 10~10, and, in both cases, 0
eventually attained the same maximum value as before,
in the first case after about 56 orbits and in the second
after about 94. This, then is a clear-cut example of
instability, as it should be in view of Fig. 8, where the point
KI = —0.5, K2 = 0.9 is marked with a cross. By way of
contrast, the nearby point K\ = —0.5, K2 = 0.95 of Fig. 8
gives rise to the plots shown in Figs. 12 and 13, which indi-
cate that a reduction in 0 at t = 0 now results in a propor-
tionate reduction for all values of t, so that the maximum
value of 0 can be made arbitrarily small by an appropriate
choice of 0(0).

It was stated in the Introduction that the results of the
present analysis demonstrate the necessity for treating the
problem of earth-pointing satellites as three-dimensional.
This may be seen by examining the predictions of a solution
in which the third dimension is left out of account, i.e.,

0.3 r O.OIOj-

I I 1 I I I I I I I I M I
15 20 25 30 35

NUMBER OF ORBITS
50

-9-

0.005

0.001 -

4 5 6 7 8
NUMBER OF ORBITS

10 II

Fig. 10 Kz = 0.9, <£(0) = 0.01 rad. Fig. 12 K2 = 0.95, 0(0) = 0.01 rad.
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"I——————————————
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Fig. 13 0.95, <KO) = 0.005 rad.

61 and 62 are taken identically equal to zero. All motions
are then governed by Eq. (11), and the inequality (23) be-
comes the only stability condition. In other words, the
amplitude of the body's oscillations has no bearing on the
question of stability, and it must be concluded that no point
in Fig. 5 represents an unstable motion, a result that conflicts

with all those obtained previously. The resolution of the
dilemma is simple: Q\ and 02 may be taken identically equal
to zero only if these angles are physically prevented from
assuming other values, that is, if appropriate constraint
forces act on the satellite. As such forces are not available
in space, the problem under consideration cannot be solved
by considering only planar motions.

Finally, the results here obtained show that the relation-
ship between stability and gravitational effects is more com-
plex than may have been supposed, and this suggests that a
number of related topics, such as the one recently discussed
by Garber,5 may deserve further attention.
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